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the Hodge slopes of (M,ϕ). This is achieved by providing an up-
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crystals of K3 type).
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1. Introduction
Let p be a prime number and k an algebraically closed ﬁeld of characteristic p. It has been known
for many years that the isomorphism class of a p-divisible group D over k is determined by a ﬁnite
truncation D[pn] of D . The smallest integer n with the property that D[pn] determines D is called the
isomorphism number of D and denoted by nD . Only recently, Lau, Nicole and Vasiu [6] discovered an
optimal upper bound for this number in terms of the Hodge polygon and the Newton polygon of D .
The isomorphism number of an F -crystal is the generalization of the isomorphism number of a p-
divisible group (see Deﬁnition 1.1 for the precise deﬁnition). In this paper we provide an upper bound
for the isomorphism number of an arbitrary isoclinic F -crystal (i.e. those having a unique Newton
slope) in terms of its Hodge polygon and Newton polygon. It not only recovers the optimal upper
bound in the isoclinic p-divisible groups case, but also provides optimal upper bounds in various
other cases. Let us describe our results.
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the ring of Witt vectors over k and K0 its ﬁeld of fractions. Let σ be the Frobenius automorphism
of W and K0. An F -crystal over k is a pair (M,ϕ) where M is a free W -module of ﬁnite rank
r and ϕ is a σ -linear injective endomorphism of M . If pM ⊂ ϕ(M), then the F -crystal (M,ϕ) is
called a Dieudonné module over k. For the rest of this paper, all F -crystals, Dieudonné modules and
p-divisible groups are over k unless otherwise stated. For n = 1,2, . . . , let Wn := W /(pn) be the ring
of Witt vectors of length n with coeﬃcients in k. The Hodge slopes e1, e2, . . . , er of an F -crystal (M,ϕ)
are the non-negative integers such that M/ϕ(M) ∼=⊕ri=1 Wei as W -modules. By reindexing, we can
assume that e1  e2  · · ·  er . The i-th Hodge number of (M,ϕ) is hi := #{ j | e j = i}. Dieudonné [2,
Theorems 1, 2] and Manin’s [7, Chapter 2, Section 4] classiﬁcation of F -isocrystals implies that there
is a direct sum decomposition (M⊗W K0,ϕ) ∼=⊕λ∈Q0 Emλλ , where each Eλ is the simple F -isocrystal
with all Newton slopes equal to λ and the multiplicity mλ ∈ Z0 is uniquely determined and is zero
for all but ﬁnitely many λ. An F -crystal (M,ϕ) is called isoclinic if (M ⊗W K0,ϕ) is isomorphic to
Emλλ for some λ ∈Q0. Let GL(M) be the group of W -linear automorphism of M .
Deﬁnition 1.1. The isomorphism number nM of an F -crystal (M,ϕ) over k is the smallest non-negative
integer such that for every g ∈ GL(M) with the property that g ≡ 1 mod pnM , the F -crystal (M, gϕ)
is isomorphic to (M,ϕ).
By classical Dieudonné theory, the category of p-divisible groups over k is anti-equivalent to the
category of Dieudonné modules over k; see [1, Chapter 3]. Under this correspondence, the isomor-
phism number of a p-divisible group is equal to the isomorphism number of the corresponding
Dieudonné module; see [13, Corollary 3.2.2]. On the other hand, the isomorphism number nM of an
F -crystal (M,ϕ) is the smallest non-negative integer such that the F -truncation mod pnM of (M,ϕ)
determines the isomorphism class of (M,ϕ); see [13, Section 3.2.9] for the deﬁnition of F -truncation
and [15, Section 3.3] for the proof. The last two sentences imply that Deﬁnition 1.1 is the right def-
inition for the isomorphism numbers of F -crystals which generalizes the isomorphism numbers of
p-divisible groups. Early works of Manin [7, Theorems 3.4 and 3.5] imply that nD exists for any
Dieudonné module. Recently, Vasiu showed that nM exists in general; see [13, Main Theorem A].
Let c and d be the codimension and dimension of a p-divisible group D respectively. Traverso
proved that nD  cd + 1 [11, Theorem 3] and later conjectured that nD min{c,d} [12, Section 40,
Conjecture 4]. Since then, the conjecture has been veriﬁed in various cases, for example, in the cases
of supersingular p-divisible groups [9, Theorem 1.2] and quasi-special p-divisible groups [14, The-
orem 1.5.2]. Only recently, Lau, Nicole and Vasiu [6, Theorem 1.4] found an optimal upper bound
nD  2cd/(c + d) which proves a corrected version of Traverso’s conjecture. In the search for opti-
mal upper bounds for nD , the following play important roles:
• Classical Dieudonné theory of p-divisible groups over k. This allows us to use tools on the geo-
metric side as well as the algebraic side.
• Deformation theory of p-divisible groups over general schemes. Let (M,ϕ) be a Dieudonné mod-
ule over k. One useful result in deformation theory allows us to assume that the dimension of
M/(ϕ(M) + ϕ−1(pM)) as a k-vector space is 1; see [10, Proposition 2.8]. With this assumption,
every Dieudonné module over k has a W -basis that is well-suited to computations.
• The study of the level torsion (see Section 2.2 for the deﬁnition) of Dieudonné modules [14].
The main result of [14] provides a computable upper bound for the isomorphism numbers; see
Theorem 2.3.
Unfortunately, to ﬁnd optimal upper bounds for nM for more general F -crystals, we do not have
as many tools as we have in the case of p-divisible groups. For instance, there is no general way
to deform F -crystals. However, the level torsion of an F -crystal is well-deﬁned and has been studied
in [14]. In this paper we will use the level torsion to provide a good upper bound for the isomorphism
number of isoclinic F -crystals.
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slope λ. If the smallest and the largest Hodge slopes of (M,ϕ) are 0 and e respectively, then the isomorphism
number nM of (M,ϕ) satisﬁes the following inequality:
nM 
⌊
e
∑
i>λ
hi +
(∑
i<λ
hi −
∑
i>λ
hi
)
λ
⌋
. (1)
By Remark 2.2, every F -crystal can be rescaled so that its smallest Hodge slope is equal to zero
without changing its isomorphism number, thus the assumption that the smallest Hodge slope is
equal to zero in Theorem 1.2 is not restrictive. We mention that, even though Theorem 1.2 recovers
the optimal upper bound in the isoclinic p-divisible groups case as found by Lau, Nicole and Vasiu
(see Corollary 3.5), it does not assert that the upper bound is indeed optimal. It is possible to improve
Theorem 1.2 in some cases; see Example 3.7. By using Theorem 1.2, we can compute optimal upper
bounds for the isomorphism numbers in a few special cases, as we now describe.
An F -crystal of rank r is called of K3 type if its Hodge numbers are h0 = 1, h1 = r − 2, h2 = 1 and
hi = 0 for all i  2. An F -crystal of K3 type with r = 21 relates to the second crystalline cohomology
group of K3 surfaces over k, thanks to a theorem of Mazur [8, Theorem 2].
Theorem 1.3. Let (M,ϕ) be a direct sum of F -crystals of K3 type. Then nM  2. Moreover,
(i) if (M,ϕ) is a direct sum of non-isoclinic F -crystals of K3 type, then nM = 1;
(ii) if (M,ϕ) is a direct sum of isoclinic F -crystals of K3 type, then nM = 2;
(iii) if (M,ϕ) is a mixed direct sum of non-isoclinic and isoclinic F -crystals of K3 type, then nM = 2.
We prove Theorem 1.3 in Section 4.1. Its proof uses Theorem 1.2 in the isoclinic case and the
Newton–Hodge decomposition theorem [4, Theorem 1.6.1] in the non-isoclinic case.
Theorem 1.4. Let (M,ϕ) be an F -crystal of rank 2 with Hodge slopes 0 and e > 0. Let λ1 be the smallest
Newton slope of (M,ϕ). Then we have
(i) if (M,ϕ) is a direct sum of two F -crystals of rank 1, then nM = 1;
(ii) if (M,ϕ) is not a direct sum of two F -crystals of rank 1 and is isoclinic, then nM = e;
(iii) if (M,ϕ) is not a direct sum of two F -crystals of rank 1 and is non-isoclinic, then nM  2λ1 .
We prove Theorem 1.4 in Section 4.2. Part (i) is an easy consequence of Corollary 2.11. We use
Theorem 1.2 to prove part (ii). For part (iii), as the rank 2 is small, we estimate the level torsion by
brute force and thus get an upper bound for the isomorphism number.
Following [14, Deﬁnition 1.5.1], we make the following deﬁnitions.
Deﬁnition 1.5. An F -crystal (M,ϕ) of rank r is called an isoclinic quasi-special F -crystal if ϕr(M) = psM
for some integer s. If (M,ϕ) is a direct sum of isoclinic quasi-special F -crystals, then it is called a
quasi-special F -crystal.
In fact, the integer s must be the sum of all Hodge slopes of (M,ϕ); see Lemma 5.1. Quasi-special
F -crystals are the generalization of quasi-special Dieudonné modules [14, Deﬁnition 1.5.1]. Moreover,
they generalize special Dieudonné modules [7, Deﬁnition 3.2.3].
Theorem 1.6. Let (M,ϕ) be a quasi-special F -crystal. Suppose (M,ϕ) has Hodge slopes e1  e2  · · ·  er
and set s :=∑ri=1 ei . The following inequality holds:
nM min{s, rer − s}.
We note that Theorem 1.6 is not always optimal; see Example 5.3 and Remark 5.4.
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2.1. Notations
A latticed F -isocrystal over k is a pair (M,ϕ), where M is a free W -module of ﬁnite rank r and ϕ
is a σ -linear automorphism of M ⊗W K0. For the sake of simplicity, we denote M ⊗W K0 by M[1/p]
for the rest of this paper. Recall that if ϕ(M) ⊂ M , then (M,ϕ) is called an F -crystal over k. Moreover,
if pM ⊂ ϕ(M), then (M,ϕ) is called a Dieudonné module over k.
Let (M1,ϕ1) and (M2,ϕ2) be two latticed F -isocrystals. The set of all W -linear homomorphisms
from M1 to M2 is a free W -module, denoted by Hom(M1,M2). Let ϕ12 be the σ -linear automorphism
of Hom(M1[1/p],M2[1/p]) deﬁned by the following rule: for any f ∈ Hom(M1[1/p],M2[1/p]), let
ϕ12( f ) := ϕ2 ◦ f ◦ ϕ−11 ∈ Hom
(
M1[1/p],M2[1/p]
)
.
As Hom(M1,M2)[1/p] ∼= Hom(M1[1/p],M2[1/p]) as K0-vector spaces, the pair (Hom(M1,M2),ϕ12)
is a latticed F -isocrystal. If (M1,ϕ1)= (M2,ϕ2), then (Hom(M1,M2),ϕ12) is denoted by (End(M1),ϕ1).
If (M2,ϕ2) = (W , σ ), then (Hom(M1,M2),ϕ12) is denoted by (M∗1,ϕ1) and called the dual of
(M1,ϕ1). The isomorphism number of a latticed F -isocrystal can be deﬁned in the same way as the
isomorphism number of an F -crystal. Moreover, the isomorphism number of a latticed F -isocrystal is
invariant under duality. See [14, Fact 4.2.1] for a proof in the Dieudonné module case, which is easily
adapted to the latticed F -isocrystal case.
Lemma 2.1. Let (M,ϕ) be a latticed F -isocrystal over k and let nM be its isomorphism number. For all m ∈ Z,
the isomorphism number of the latticed F -isocrystal (M, pmϕ) is also nM .
Proof. The proof is straightforward. For details, see [15, Proposition 3.4]. 
Remark 2.2. By Lemma 2.1, we can assume that the smallest Hodge slope of an F -crystal (M,ϕ) is
zero without changing its isomorphism number by multiplying an appropriate power of p to ϕ .
2.2. The level torsion
We now recall the deﬁnition of the level torsion from [14]. It is the main tool to ﬁnd good upper
bounds for the isomorphism number of latticed F -isocrystals.
Let (M,ϕ) be a latticed F -isocrystal. By using Dieudonné [2, Theorems 1, 2] and Manin’s [7, Chap-
ter 2, Section 4] classiﬁcation of F -isocrystals, we obtain a direct sum decomposition
End
(
M[1/p])∼= L+ ⊕ L0 ⊕ L−
into K0-vector spaces, where
L+ =
⊕
λ1<λ2
Hom(Eλ1 , Eλ2), L0 =
⊕
λ
End(Eλ), L− =
⊕
λ1<λ2
Hom(Eλ2 , Eλ1).
Deﬁne
O+ =
∞⋂
i=0
ϕ−i
(
End(M) ∩ L+
)
, O− =
∞⋂
i=0
ϕ i
(
End(M) ∩ L−
)
,
O 0 =
∞⋂
ϕ−i
(
End(M) ∩ L0
)= ∞⋂ϕ i(End(M) ∩ L0).
i=0 i=0
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ϕ(O+) ⊂ O+, ϕ(O 0) = O 0 = ϕ−1(O 0), ϕ−1(O−) ⊂ O−.
Write O := O+ ⊕ O 0 ⊕ O−; it is a lattice of End(M)[1/p] sitting inside End(M). The level torsion M
of (M,ϕ) is deﬁned by the following two disjoint rules:
(i) if O = End(M) and the ideal generated by O+ ⊕ O− is not topologically nilpotent, then the level
torsion M := 1;
(ii) in all other cases, the level torsion M is the smallest non-negative integer such that
pM End(M) ⊂ O .
Vasiu proved the following important theorem:
Theorem 2.3. Let (M,ϕ) be a latticed F -isocrystal. Then nM  M. Moreover, if (M,ϕ) is a direct sum of
isoclinic latticed F -isocrystals, then nM = M.
Proof. See [14, Main Theorem A]. 
2.2.1. Computing the level torsion of isoclinic F -crystals
Let (M,ϕ) be a latticed F -isocrystal. Following [14, Deﬁnitions 4.1], we introduce the following
deﬁnitions. For q ∈ Z>0, let αM(q) ∈ Z be the largest number such that ϕq(M) ⊂ pαM (q)M and let
βM(q) ∈ Z be the smallest number such that pβM (q)M ⊂ ϕq(M); set δM(q) := βM(q) − αM(q) 0. We
note that if (M,ϕ) is an F -crystal, then αM(q), βM(q)  0. It is not hard to prove that if (M,ϕ) is
isoclinic with Newton slope λ, then
αM(q) qλ βM(q), ∀q = 1,2, . . . . (2)
Moreover we have
αM(q) = qλ if and only if βM(q) = qλ. (3)
See [14, Lemma 4.2.3] for a proof of (2) and (3) in the Dieudonné module case.
Proposition 2.4. Let (M,ϕ) be an isoclinic latticed F -isocrystal. Then M =max{δM(q) | q ∈ Z>0}.
Proof. This proposition is a generalization of [14, Proposition 4.3(a)] and is proved in a similar way.
For details, see [15, Proposition 3.18]. 
2.2.2. Computing the level torsion of a direct sum of isoclinic F -crystals
In this subsection, the latticed F -isocrystal (M,ϕ) ∼= ⊕i∈I (Mi,ϕi) will always be a ﬁnite direct
sum of isoclinic latticed F -isocrystals (Mi,ϕi) with Newton slopes λi . For i ∈ I , let Bi be a W -basis
of Mi and B∗i be the corresponding dual basis of M
∗
i . Then
Bi ⊗ B∗j :=
{
x⊗ y∗ ∣∣ x ∈ Bi, y∗ ∈ B∗j}
is a W -basis of Mi ⊗ M∗j ∼= Hom(M j,Mi). For each pair ( j, i) ∈ I × I with λ j  λi , deﬁne ( j, i) ∈ Z0
to be the smallest integer such that for all q ∈ Z>0 and all x⊗ y∗ ∈ Bi ⊗ B∗j , we have p( j,i)ϕq(x⊗ y∗) ∈
Hom(M j,Mi). We observe that (i, i) = Mi . It is not hard to see that
0 := max
{
( j, i)
∣∣ ( j, i) ∈ I × I, λ j  λi}
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except when O = End(M) and O+ ⊕ O− is not topologically nilpotent, we have M = 1 and 0 = 0.
Therefore, we deﬁne an integer 	M ∈ {0,1} by the following two rules to ﬁx this problem:
(i) if O = End(M) and O+ ⊕ O− is not topologically nilpotent, then 	M := 1;
(ii) in all other cases, deﬁne 	M := 0.
Proposition 2.5. Let (M,ϕ) and 	M be as above, we have the following formula
M = max
{
	M , ( j, i)
∣∣ ( j, i) ∈ I × I, λ j  λi}.
Proof. See [14, Scholium 3.5.1]. 
In general, it is easy to compute 	M . If j = i, then ( j, i) = Mi can be computed by Proposition 2.4.
If j = i, then we use the next proposition to compute ( j, i).
Proposition 2.6. Let (M,ϕ) =⊕i∈I (Mi,ϕi) be a direct sum of two or more isoclinic latticed F -isocrystals.
For ( j, i) ∈ I × I , j = i, and λ j  λi , we have
( j, i) = max{0, βM j (q) − αMi (q) ∣∣ q ∈ Z>0}.
Proof. This proposition is a generalization of [14, Proposition 4.4], and can be proved in a similar
way. For details, see [15, Proposition 3.21]. 
The next proposition uses the previous two propositions to estimate the isomorphism number of
a direct sum of isoclinic latticed F -isocrystals.
Proposition 2.7. Let (M,ϕ) =⊕i∈I (Mi,ϕi) be a direct sum of two or more isoclinic latticed F -isocrystals.
Then we have the following inequality:
nM max{1,nMi ,nMi + nM j − 1 | i, j ∈ I, i = j}.
Proof. This proposition is a generalization of [14, Proposition 1.4.3].
As (M,ϕ) is a direct sum of isoclinic latticed F -isocrystals, we have nM = M and nMi = Mi for all
i ∈ I by Theorem 2.3. Hence it suﬃces to prove the proposition with all n replaced by . As 	M  1,
it suﬃces to show that ( j, i)  max{0, Mi + M j − 1} if j = i and λ j  λi by Proposition 2.5. By
Proposition 2.6, it suﬃces to prove that for all q > 0 we have
βM j (q) − αMi (q)max{0, Mi + M j − 1}. (4)
As
αM j (q) qλ j  qλi  βMi (q) (5)
and δMi (q) Mi , we have
βM j (q) − αMi (q) = δM j (q) + αM j (q) + δMi (q) − βMi (q)
 M j + Mi +
(
αM j (q) − βMi (q)
)
 M j + Mi .
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βMi (q) by (5). In particular, we have αM j (q) = βM j (q) = qλ j as well as αMi (q) = βMi (q) = qλi by (3).
Therefore Mi = 0= M j and βM j − αMi =max{0, Mi + M j − 1}, which proves (4). 
2.3. Isoclinic ordinary F -crystals
Deﬁnition 2.8. An F -crystal is called isoclinic ordinary if its Hodge polygon is a straight line.
By Mazur’s theorem [8, page 662, Lemma], if the Hodge polygon is a straight line, then the Newton
polygon, lying on or above the Hodge polygon with the same endpoints, is also a straight line. Thus
isoclinic ordinary F -crystals are indeed isoclinic.
Proposition 2.9. An F -crystal (M,ϕ) is isoclinic ordinary if and only if nM = 0.
Lemma 2.10. Let (M,ϕ) be an F -crystal of rank r such that ϕ(M) = M. Then there is a W -basis
{v1, v2, . . . , vr} of M such that ϕ(vi) = vi for i = 1,2, . . . , r.
Proof. The lemma is an easy consequence of [3, A.1.2.6]. Using the same notation as in [3], as E = k is
algebraically closed, we know that Ênr = Enr = E = K0, whence the ring of integers OÊnr =OE = W .
The Galois group GE = Gk is trivial as k is algebraically closed. Let M0 := {x ∈ M | ϕ(x) = x} be the
Zp-submodule of M that contains all the elements ﬁxed by ϕ . Applying the composition of functors
DEVE to (M,ϕ), we get that
DEVE (M) = DE
(
(W ⊗W M)ϕ=1
)= DE (M0) = W ⊗Zp M0.
We know that M = DEVE (M) by [3, A.1.2.6], and thus M = W ⊗Zp M0. So choosing a Zp-basis of M0
gives the desired result. 
Proof of Proposition 2.9. Suppose (M,ϕ) is isoclinic ordinary, we can assume that the Hodge polygon
has slope 0, namely ϕ(M) = M , by Remark 2.2. For each g ∈ GL(M), we have gϕ(M) = M , hence the
Hodge polygon of the F -crystal (M, gϕ) is also a straight line of slope 0. By Lemma 2.10, we get that
(M, gϕ) ∼= (M,ϕ) and thus nM = 0.
The converse is [14, Lemma 2.3]. 
Corollary 2.11. If (M,ϕ) is a direct sum of two or more isoclinic ordinary F -crystals of distinct Hodge slopes,
then nM = 1.
Proof. By Proposition 2.7, we have nM  1. If nM = 0, then (M,ϕ) is isoclinic ordinary by Proposi-
tion 2.9, which is a contradiction. Therefore nM = 1. 
3. Proof of Theorem 1.2
Before we prove Theorem 1.2, we recall a lemma about the interrelation between the smallest
Newton slope of an F -crystal and the smallest Hodge slope of the iterates of the F -crystal.
Lemma 3.1. Let (M,ϕ) be an F -crystal, and let λ  0 be a rational number. Let h0,h1, . . . be the Hodge
numbers of (M,ϕ). Then all Newton slopes of (M,ϕ) are greater than or equal to λ if and only if for all
integers n > 0, we have αM(n +∑i<λ hi) nλ.
Proof. See [4, Section 1.5]. 
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By deﬁnition, we have peM ⊂ ϕ(M) where e := βM(1). Thus ϕ(M∗) ⊂ p−eM∗ , i.e. peϕ(M∗) ⊂ M∗
(recall that (M∗,ϕ) is the dual of (M,ϕ) and is not an F -crystal if e > 0). Therefore (M ′,ϕ′) :=
(M∗, peϕ) is an F -crystal.
Remark 3.2. As the isomorphism number of (M,ϕ) is equal to the isomorphism number of (M∗,ϕ),
and the isomorphism number of (M∗,ϕ) is equal to the isomorphism number of (M∗, peϕ) by Re-
mark 2.2, the isomorphism number of (M,ϕ) is equal to the isomorphism number of (M ′,ϕ′).
Lemma 3.3. Let (M,ϕ) be an F -crystal with αM(1) = 0 and e := βM(1) > 0. Let (M ′,ϕ′) be as above. If hi
and h′i are the Hodge numbers of (M,ϕ) and (M
′,ϕ′) respectively, then for any λ ∈ (0, e), we have∑
i<e−λ
h′i =
∑
i>λ
hi .
Proof. Let 0 = e1  e2  · · ·  er = e be the Hodge slopes of (M,ϕ). Then there are W -bases
{v1, . . . , vr} and {w1, . . . ,wr} of M such that ϕ(vi) = pei wi for all i = 1,2, . . . , r. Let {v∗1, . . . , v∗r }
and {w∗1, . . . ,w∗r } be the corresponding dual W -bases of M∗ = M ′ , so ϕ(v∗i ) = p−ei w∗i . Multiplying
by pe , we have ϕ′(v∗i ) = peϕ(v∗i ) = pe−ei w∗i . This means that
0 = e − er  e − er−1  · · · e − e1 = e
are the Hodge slopes of (M ′,ϕ′). For j = 1,2, . . . , r, set e′r− j+1 := er −e j , i.e. e j +e′r− j+1 = er . If e j > λ,
then e′r− j+1 = er − e j < e − λ; if e′i < er − λ, then er−i+1 = er − e′i > er − (er − λ) = λ. This describes a
bijection between the sets {e j | e j > λ} and {e′i | e′i < e − λ}, whence the lemma. 
Lemma 3.4. Let (M,ϕ) be an F -crystal and let (M ′,ϕ′) be as above. Suppose αM(1) = 0 and set e := βM(1).
Then for q = 1,2, . . . , we have
αM(q) + βM ′(q) = qe = αM ′(q) + βM(q).
Proof. By the deﬁnitions of αM(q) and βM(q), we have
pβM (q)M ⊂ ϕq(M) ⊂ pαM (q)M,
and thus
p−αM (q)M ′ ⊂ ϕq(M ′)⊂ p−βM (q)M ′.
Multiplying by pqe , we have
pqe−αM (q)M ′ ⊂ (peϕ)q(M ′)⊂ pqe−βM (q)M ′,
hence
βM ′(q) qe − αM(q) and αM ′(q) qe − βM(q). (6)
Again by the deﬁnitions of αM′ (q) and βM′ (q), we have
pβM′ (q)M ′ ⊂ (ϕ′)q(M ′)⊂ pαM′ (q)M ′,
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p−αM′ (q)M ⊂ (ϕ′)q(M) ⊂ p−βM′ (q)M,
that is
p−αM′ (q)M ⊂ p−qeϕq(M) ⊂ p−βM′ (q)M.
Multiplying by pqe , we obtain
pqe−αM′ (q)M ⊂ ϕq(M ′)⊂ pqe−βM′ (q)M,
and hence
αM(q) qe − βM ′(q) and βM(q) qe − αM ′(q). (7)
Lemma 3.4 is now clear by inequalities (6), (7). 
Proof of Theorem 1.2. If e = 0, then λ = 0 and the F -crystal (M,ϕ) is isoclinic ordinary. By Proposi-
tion 2.9, we get nM = 0. In this case, inequality (1) is in fact an equality as both sides are equal to 0.
Now we can assume that e > 0 and thus λ < e.
To ease notation, let l1 =∑i<λ hi and l2 =∑i>λ hi . To prove the inequality (1), it suﬃces to prove
that
M  el2 + (l1 − l2)λ (8)
by Theorem 2.3. By Proposition 2.4, it suﬃces to prove that for all q ∈ Z>0,
δM(q) el2 + (l1 − l2)λ. (9)
By Lemma 3.1, we have αM(q) (q − l1)λ for all q > l1. If q l1, as (M,ϕ) is an F -crystal, we have
αM(q) 0 (q − l1)λ. Thus for all q > 0, we have
αM(q)
⌈
(q − l1)λ
⌉
.
To ﬁnd an upper bound for βM(q), let (M ′,ϕ′) be the F -crystal (M∗, peϕ). It is isoclinic with Newton
slope equal to e − λ > 0. If h′i are the Hodge numbers of (M ′,ϕ′), then by Lemma 3.1, for all q >∑
i<e−λ h′i , we have
αM ′(q)
⌈(
q −
∑
i<e−λ
h′i
)
(e − λ)
⌉
. (10)
By Lemma 3.3, we have αM′ (q) = qe − βM(q). By Lemma 3.4, we have ∑i<e−λ h′i = l2. Therefore in-
equality (10) becomes qe− βM(q) (q− l2)(e− λ) for all q > l2. On the other hand, if 0< q l2, as
peM ⊂ ϕ(M), we have pqeM ⊂ ϕq(M), which means that qe − βM(q) 0 (q − l2)(e − λ). Thus for
all q > 0, we have
qe − βM(q)
⌈
(q − l2)(e − λ)
⌉
.
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βM(q) qe −
⌈
(q − l2)(e − λ)
⌉= qe − ⌈(q − l2)e − (q − l2)λ⌉
= qe − (q − l2)e +
⌊
(q − l2)λ
⌋= el2 + ⌊(q − l2)λ⌋. (11)
Combining the estimates (10) and (11), for all q > 0, we have
δM(q) = βM(q) − αM(q) el2 +
⌊
(q − l2)λ
⌋− ⌈(q − l1)λ⌉
 el2 + (q − l2)λ − (q − l1)λ = el2 + (l1 − l2)λ.
Thus, inequality (9) holds and the proof of the theorem is complete. 
Corollary 3.5. Let (M,ϕ) be the Dieudonné module corresponding to an isoclinic p-divisible group D with
dimension d and codimension c, then the following inequality holds nM  2cd/(c + d).
Proof. Since D is isoclinic, the Dieudonné module (M,ϕ) is also isoclinic. The Newton slope is λ =
d/(c + d) and the Hodge numbers are h0 = c, h1 = d and hi = 0 for all i > 1. The Hodge slopes are
e1 = · · · = ec = 0 and ec+1 = · · · = ec+d = 1. By Theorem 1.2, we have
nM 
⌊
d + d(c − d)/(c + d)⌋= ⌊2cd/(c + d)⌋. 
Example 3.6. Consider an isoclinic F -crystal (M,ϕ) of rank r = 2d, d ∈ Z>0 with Hodge slopes ei = 0
if 1 i  d and ei = e > 0 if d + 1 i  r. The unique Newton slope is equal to e/2. By Theorem 1.2,
the isomorphism number is nM  de. In fact, this inequality is optimal in the sense that there exists
an isoclinic F -crystal (M,ϕ) with the above rank and Hodge slopes such that nM = de; see Proposi-
tion 5.8. This type of F -crystal is a generalization of supersingular Dieudonné modules, (cf. [9]) which
correspond to the case e = 1.
Example 3.7. Let (M,ϕ) be an isoclinic F -crystal of rank 3 with Hodge slopes e1 = 0, e2 = 1, e3 = 5
and Newton slope λ = 2. By the analysis of the Hodge slopes of the iterates of (M,ϕ) using elemen-
tary row and column operations, it can be shown that nM  6. The details are a bit messy and omitted
here. On the other hand, by using Theorem 1.2, we get that nM  7. This implies that Theorem 1.2
can be improved in some cases and is not optimal in general.
4. Applications
4.1. F -crystals of K3 type
We recall that an F -crystal (M,ϕ) of rank r ∈ Z2 is of K3 type if its Hodge numbers are h0 = 1,
h1 = r − 2, h2 = 1 and hi = 0 for all i  3. By Mazur’s theorem [8, page 662, Lemma], it can be shown
that there are (r2 − r +2)/2 possible Newton polygons for F -crystals of K3 type. In fact, each possible
Newton polygon is indeed the Newton polygon of some F -crystal of K3 type by a theorem of Kottwitz
and Rapoport [5, Theorem A]. If an F -crystal of K3 type is isoclinic, then all of its Newton slopes are
equal to 1. If it is non-isoclinic, then the Newton slopes could be in one of the following two disjoint
cases:
(a) r1/(r1 + 1), 1, and (r2 + 2)/(r2 + 1) if r1 and r2 satisfy r1, r2 > 0 and 0< r1 + r2 < r − 2, or
(b) r1/(r1 + 1) and (r2 + 2)/(r2 + 1) if r1, r2 > 0 and r1 + r2 = r − 2.
Proposition 4.1. If (M,ϕ) is a non-isoclinic F -crystal of K3 type, then nM = 1.
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(M,ϕ) ∼= (M1,ϕ1) ⊕ (M2,ϕ2) ⊕ (M3,ϕ3),
where
• (M1,ϕ1) has Hodge numbers h0 = 1, h1 = r1, hi = 0 for all i ∈ Z2 and Newton slope r1/(r1 + 1).
By [1, page 92, Proposition], the W -module M1 has a W -basis B1 = {x1, . . . , xr1+1} such that
ϕ1(xi) = pxi+1, ∀i = 1,2, . . . , r1; ϕ1(xr1+1) = x1.
• (M2,ϕ2) has Hodge numbers h1 = r − r1 − r2 − 2, hi = 0 for i = 0,2,3, . . . , and Newton
slope 1. Hence ϕ2(M2) = pM2. Applying Lemma 2.10 to (M2, p−1ϕ2), we get a W -basis B2 =
{y1, . . . , yr−r1−r2−2} of M2 such that p−1ϕ2(yi) = yi , and thus
ϕ2(yi) = pyi, ∀i = 1,2, . . . , r − r1 − r2.
• (M3,ϕ3) has Hodge numbers h1 = r2, h2 = 1, hi = 0 for i = 0,3,4, . . . and Newton slope (r2 +
2)/(r2 + 1). Applying [1, page 92, Proposition] to (M3, p−1ϕ3) whose Newton slope is 1/(r2 + 1),
we get a W -basis B3 = {z1, . . . , zr2+1} of M3 such that
ϕ3(zi) = pzi+1, ∀i = 1,2, . . . , r2; ϕ3(zr2+1) = p2z1.
We ﬁrst calculate M for (M,ϕ) in case (a) where M2 = 0. The case (b) where M2 = 0 will be handled
later.
We use Proposition 2.5 to compute M . First we compute M1 , M2 , and M3 . Since δM1 (q) = 1 for
all q ∈ Z1\{n(r1 + 1) | n ∈ Z>0} and δM1 (n(r1 + 1)) = 0 for all n ∈ Z>0, we know that M1 = 1 by
Proposition 2.4. By the same token, we have M3 = 1. Since ϕq2(M) = pqM for all q ∈ Z>0, we know
that M2 = 0 by Proposition 2.4.
Next, we compute (1,2), (2,3), and (1,3). For xi ∈ B1 and y j ∈ B2, we have
ϕ
(
y j ⊗ x∗i
)= { y j ⊗ x∗i+1 if 1 i  r1,
py j ⊗ x∗1 if i = r1 + 1.
Hence (1,2) = 0. For y j ∈ B2 and zl ∈ B3, we have
ϕ
(
zl ⊗ y∗j
)={ zl+1 ⊗ y∗j if 1 l r2,
pz1 ⊗ y∗j if l = r2 + 1.
Hence (2,3) = 0. For xi ∈ B1 and zl ∈ B3, we have
ϕ
(
zl ⊗ x∗i
)=
⎧⎪⎪⎪⎨⎪⎪⎪⎩
zl+1 ⊗ x∗i+1 if 1 i  r1, 1 l r2,
pz1 ⊗ x∗i+1 if 1 i  r1, l = r2 + 1,
pzl+1 ⊗ x∗1 if i = r1 + 1, 1 l r2,
p2z1 ⊗ x∗1 if i = r1 + 1, l = r2 + 1.
Hence (1,3) = 0. By Proposition 2.5, we have
M = max
{
	M , M1 , M2 , M3 , (1,2), (2,3), (1,3)
}= 1.
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case (b), we have M = 1.
By Theorem 2.3, we have nM  M = 1. On the other hand, the F -crystal (M,ϕ) is not an ordinary
F -crystal and thus nM = 0 by Proposition 2.9. Hence nM = 1. 
Corollary 4.2. Let (M,ϕ) be a direct sum of two or more non-isoclinic F -crystals of K3 type, then nM = 1.
Proof. By Propositions 2.7 and 4.1, we have nM  1. As (M,ϕ) is not isoclinic ordinary, we have
nM = 0. Hence nM = 1. 
Proposition 4.3. Let (M,ϕ) be an isoclinic F -crystal of K3 type. Then nM = 2.
Proof. The unique Newton slope of (M,ϕ) is 1. The largest Hodge slope is 2 and
∑
i<1 hi =∑
i>1 hi = 1. By Theorem 1.2, we have nM  2. As M  δM(1) = er − e1 = 2 by Proposition 2.4, we
conclude that nM = M = 2. 
Corollary 4.4. Let (M,ϕ) be a direct sum of two or more isoclinic F -crystals of K3 type, then nM = 2.
Proof. Let (M,ϕ) ∼= ⊕i∈I (Mi,ϕi) be a ﬁnite direct sum of two or more isoclinic F -crystals of K3
type. The Newton slopes of (Mi,ϕi) are 1 for all i ∈ I . Hence (M,ϕ) is again isoclinic (but not of K3
type). Thus we can use Proposition 2.5 to compute M . For each i ∈ I , we know that nMi = Mi = 2 by
Proposition 4.3. To calculate ( j, i), we use Proposition 2.6. By Lemma 3.1, we have αMi (q) q− 1 for
q = 1,2, . . . and for all i ∈ I . Let (M ′j,ϕ′j) be the F -crystal (M∗j , p2ϕ j) for all j ∈ I . By Lemma 3.4, we
have βM j (q) = 2q − αM′j (q). Applying Lemma 3.1 to (M ′j,ϕ′j), we have αM′j (q)  q − 1. We conclude
that βM j (q)  q + 1. Hence βM j (q) − αMi (q)  (q + 1) − (q − 1)  2 for all q ∈ Z>0 and i, j ∈ I . By
Proposition 2.6, we have
( j, i) = max{0, βM j (q) − αMi (q) ∣∣ q ∈ Z>0} 2. (12)
Since 	M  1 and Mi = 2, inequality (12) and Proposition 2.5 imply that
M =max
{
	M , Mi , ( j, i)
∣∣ i, j ∈ I}= max{Mi | i ∈ I} = 2.
By Theorem 2.3, we have nM = M = 2. 
Proof of Theorem 1.3. Suppose (M,ϕ) = ⊕i∈I (Mi,ϕi) is a mixed direct sum of isoclinic and non-
isoclinic F -crystals of K3 type. Let (Miso,ϕiso) be the direct sum of all isoclinic ones. By Corollary 4.4,
we know that nMiso = 2. Every non-isoclinic F -crystal of K3 type can be decomposed into three iso-
clinic F -crystals (not of K3 type) whose isomorphism numbers are less than or equal to 1; see the
proof of Proposition 4.1. By Proposition 2.7, we have nM  2.
Parts (i) and (ii) have been proved by Corollaries 4.2 and 4.4 respectively. For part (iii), if (Mi,ϕi)
is isoclinic and a direct summand of (M,ϕ), then nM = M  Mi = nMi = 2 by Theorem 2.3 and
Proposition 2.5. As nM  2 in general, we have nM = 2 in this case. 
The isogeny cutoff bM of an F -crystal (M,ϕ) is the smallest non-negative integer such that for
every g ∈ GL(M) with g ≡ 1 mod pbM , the F -crystal (M, gϕ) has the same Newton polygon as (M,ϕ).
As bM  nM , it is also ﬁnite.
Proposition 4.5. Let (M,ϕ) be an F -crystal of K3 type. Then bM = 1.
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nM  1. If (M,ϕ) is an isoclinic F -crystal of K3 type, then for any g ∈ GL(M) with the property that
g ≡ 1 mod p, we have M/ϕ(M) ∼= M/gϕ(M) as W -modules and thus (M, gϕ) and (M,ϕ) have the
same Hodge slopes, whence (M, gϕ) is also an F -crystal of K3 type. If (M, gϕ) is not isoclinic, then
it is one of those non-isoclinic F -crystals of K3 type with isogeny cutoff less than or equal to 1. From
this and the fact that g−1 ≡ 1 mod p, we know that (M,ϕ) is non-isoclinic, which is a contradiction.
Thus (M, gϕ) is isoclinic and necessarily has the same Newton polygon as (M,ϕ). This implies that
bM  1 when (M,ϕ) is isoclinic.
Next we prove that bM > 0. Let (M,ϕ) be an isoclinic F -crystal of K3 type. By [5, Theorem A], we
know that there exists g ∈ GL(M) such that (M, gϕ) is non-isoclinic. Therefore (M,ϕ) and (M, gϕ)
do not have the same Newton polygon, and this proves that bM > 0 if (M,ϕ) is isoclinic. By the same
token, we can show that bM > 0 if (M,ϕ) is non-isoclinic of K3 type. Therefore bM > 0. As a result,
we have bM = 1. 
4.2. F -crystals of rank 2
In this section, we compute the isomorphism number of F -crystals of rank 2. Without loss of
generality, we can assume that the smallest Hodge slope is 0 by Remark 2.2. Let e  0 be the other
Hodge slope. If e = 0, then the isomorphism number is zero by Proposition 2.9. Thus we assume that
e > 0.
Proof of Theorem 1.4. Let λ2 be the other Newton slope of (M,ϕ).
We prove (i). If (M,ϕ) is a direct sum of two F -crystals of rank 1, then each direct summand
of (M,ϕ) is an F -crystal whose Hodge polygon and Newton polygon coincide. Therefore, the Hodge
and Newton slopes of each direct summand are equal. Hence λ1 = e1 = 0 and λ2 = e2 = e. By Corol-
lary 2.11, we have nM = 1.
We prove (ii). If (M,ϕ) is not a direct sum of two F -crystals of rank 1 and is isoclinic, then
λ1 = λ2 = e/2. By Theorem 1.2, we have nM  e. As M  e by Proposition 2.4, we have nM = M = e
by Theorem 2.3, as desired.
We prove (iii). If (M,ϕ) is not a direct sum of two F -crystals of rank 1 and is non-isoclinic, then
the Newton slopes λ1 < λ2 are both positive integers. Indeed, if either λ1 or λ2 is not an integer, say
λ1 = c/d /∈ Z (in reduced form), then d must be 2 as the number of times that λ1 = c/d appears as
a Newton slope is a multiple of d. As there are only two Newton slopes, we know that λ1 = λ2 ∈
Z+ 1/2. This contradicts to the fact that (M,ϕ) is non-isoclinic. If λ1 = 0, then λ2 = e which implies
that (M,ϕ) is a direct sum of two F -crystals of rank 1. This is a contradiction again!
Now we assume that 0< λ1 < λ2 are both integers. There exists a W -basis B1 = {x1, x2} of M such
that ϕ is of the form
(
pλ1 u
0 pλ2
)
where u is a unit in W . By solving equations of the form ϕ(z) = pλ1 z
and ϕ(z) = pλ2 z, we ﬁnd a K0-basis B2 = {y1 = x1, y2 = vx1 + pλ1x2} of M[1/p] with v a unit in W
such that σ(v)+ u = pλ2−λ1 v . As in Section 2.2.2, the set B1 ⊗ B∗1 is a W -basis of End(M) and hence
a K0-basis of End(M[1/p]); the set B2 ⊗ B∗2 is another K0-basis of End(M[1/p]). As ϕ(y1) = pλ1 y1
and ϕ(y2) = pλ2 y2, we have
ϕ
(
y2 ⊗ y∗1
)= pλ2−λ1 y2 ⊗ y∗1, ϕ(y1 ⊗ y∗1)= y1 ⊗ y∗1,
ϕ
(
y2 ⊗ y∗2
)= y2 ⊗ y∗2, ϕ(y1 ⊗ y∗2)= pλ1−λ2 y1 ⊗ y∗2.
Therefore, we have found K0-bases for
L+ =
〈
y2 ⊗ y∗1
〉
K0
, L0 =
〈
y1 ⊗ y∗1, y2 ⊗ y∗2
〉
K0
, L− =
〈
y1 ⊗ y∗2
〉
K0
.
We compute the change of basis matrix from B1 ⊗ B∗1 to B2 ⊗ B∗2 as follows:
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σ(v)
pλ1
x1 ⊗ x∗2,
y2 ⊗ y∗1 = vx1 ⊗ x∗1 + pλ1x2 ⊗ x∗1 −
σ(v)v
pλ1
x1 ⊗ x∗2 − σ(v)x2 ⊗ x∗2,
y1 ⊗ y∗2 =
1
pλ1
x1 ⊗ x∗2,
y2 ⊗ y∗2 =
v
pλ1
x1 ⊗ x∗2 + x2 ⊗ x∗2.
It is easy to see that pλ1 yi ⊗ y∗j ∈ End(M)\p End(M) for i, j ∈ {1,2}. We get that
(a) O+ = 〈pλ1 y2 ⊗ y1〉W ;
(b) N := 〈pλ1 y1 ⊗ y∗1, pλ1 y2 ⊗ y∗2〉W ⊂ O 0 is a lattice;
(c) O− = 〈pλ1 y1 ⊗ y∗2〉W .
Therefore, O+ ⊕N⊕O− is a sublattice of O . The change of basis matrix from {pλ1 y1⊗ y∗1, pλ1 y2⊗ y∗1,
pλ1 y1 ⊗ y∗2, pλ1 y2 ⊗ y∗2} to B1 ⊗ B∗1 is
A =
⎛⎜⎝
pλ1 pλ1 v 0 0
0 p2λ1 0 0
−σ(v) −σ(v)v 1 v
0 −pλ1σ(v) 0 pλ1
⎞⎟⎠ .
To ﬁnd an upper bound for M , we compute the inverse of A:
A−1 = 1
p2λ1
⎛⎜⎝
pλ1 −v 0 0
0 1 0 0
σ(v)pλ1 σ(v)v p2λ1 −pλ1 v
0 σ(v) 0 pλ1
⎞⎟⎠ .
Thus the smallest number  such that all entries of pA−1 ∈ W is 2λ1. Hence M  2λ1. By Theo-
rem 2.3, we have nM  2λ1. 
5. Quasi-special F -crystals
Lemma 5.1. In Deﬁnition 1.5 of isoclinic quasi-special F -crystals, the non-negative number s must equal to the
sum of all Hodge slopes.
Proof. Consider the iterate (M,ϕr/ps); its Hodge polygon is a straight line of slope 0. By Lemma 2.10,
we know that there is a W -basis {v1, v2, . . . , vr} of M such that (ϕr/ps)(vi) = vi and thus ϕr(vi) =
psvi for i = 1,2, . . . . By the Dieudonné–Manin classiﬁcation of F -crystals up to isogeny, we know that
every Newton slope must be equal to s/r. The sum of all Hodge slopes, which is equal to the sum of
all Newton slopes, is equal to
∑
r s/r = s. 
Lemma 5.2. If (M,ϕ) is an isoclinic quasi-special F -crystal, then
nM = max
{
δM( j)
∣∣ j = 1,2, . . . , r}.
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This means that αM(r) = βM(r) = s. In addition, for all j ∈ Z>0, we have αM(r + j) = αM( j) + s and
βM(r + j) = βM( j) + s, thus δM(r + j) = δ( j). Hence by Proposition 2.4, the lemma follows from:
nM = M = max
{
δM( j)
∣∣ j ∈ Z>0}= max{δM( j) ∣∣ j = 1,2, . . . , r}. 
Proof of Theorem 1.6. Let (M,ϕ) =⊕ti=1(Mi,ϕi) be a ﬁnite direct sum of isoclinic quasi-special F -
crystals (Mi,ϕi). We ﬁrst prove the theorem for each (Mi,ϕi). For i = 1,2, . . . , t , let ri be the rank
of Mi , si the sum of all Hodge slopes of (Mi,ϕi), and e
(i)
ri the largest Hodge slope of (Mi,ϕi). By
Lemma 5.2, we have
nMi = max
{
δMi (1), δMi (2), . . . , δMi (ri)
}
.
For each 1 j  ri , we have αMi ( j) 0 and βMi ( j) si . Therefore δMi ( j) si and thus nMi  si . To
show that nMi  rie
(i)
ri − si , we consider the F -crystal (M∗i , pe
(i)
ri ϕi). It is an isoclinic quasi-special F -
crystal whose isomorphism number is equal to the isomorphism number of (Mi,ϕi) by Remark 3.2.
The sum of all Hodge slopes of (M∗i , p
e(i)ri ϕi) is equal to rie
(i)
ri − si . By using the same type of argument
as before, we get that nMi = nM∗i  rie
(i)
ri − si . Therefore, we have proved the theorem for each isoclinic
quasi-special F -crystal (Mi,ϕi), namely
nMi min
{
si, rie
(i)
ri − si
}
. (13)
Now we prove the theorem for (M,ϕ). By Proposition 2.7, we have nM  max{1,nMi ,nMi +
nM j − 1 | i, j ∈ I, i = j}max{1,nMi + nM j | i, j ∈ I, i = j}. By (13), we have
nM max
{
1,min
{
si + s j, rie(i)ri + r je( j)r j − si − s j
} ∣∣ i, j ∈ I, i = j}.
As
∑r
l=1 sl = s, we have si + s j  s. For any 1 l t , as e(l)rl  er and sl  rle(l)rl  rler , we have
rie
(i)
ri + r je( j)r j +
∑
l =i, j
sl  rier + r jer +
∑
l =i, j
rler =
t∑
l=1
rler = rer .
Using this estimate, we get
rie
(i)
ri + r je( j)r j − si − s j =
(
rie
(i)
ri + r je( j)r j +
∑
l =i, j
sl
)
−
t∑
l=1
sl  rer − s.
Thus nM max{1,min{s, rer − s}}. If min{s, rer − s} = 0, then either s = 0 or rer = s. In both cases,
the Hodge polygon of (M,ϕ) is a straight line. By Proposition 2.9, we know that nM = 0. Therefore
nM min{s, rer − s} as desired. 
Example 5.3. Let (M,ϕ) be a quasi-special F -crystal such that s = er . We claim that nM =
min{s, rer − s}. Indeed, if r = 1, then (M,ϕ) is an isoclinic ordinary F -crystal. In this case, the isomor-
phism number nM = 0 = min{s, rer − s}. If r > 1, then min{s, rer − s} = er . By Lemma 5.2, we know
that nM  δM(1) = er . Therefore nM = er .
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1. If (M,ϕ) is a quasi-special Dieudonné module with dimension d and codimension c, then er = 1
and s = d. By Theorem 1.6, we have nM min{c,d}. This recovers [14, Theorem 1.5.2].
2. Theorem 1.6 is not optimal in general. For example, if (M,ϕ) is a quasi-special F -crystal of K3
type, then by Theorem 1.3, nM  2. On the other hand, Theorem 1.6 asserts that nM  r.
Let {v1, v2, . . . , vr} be a W -basis of M . Let π be an arbitrary permutation of the set {1,2, . . . , r}.
Let e := {e1  e2  · · · er} be a sequence of non-negative integers. The F -crystal (M,ϕπ,e) is deﬁned
by the rule ϕπ,e(vi) = pei vπ(i) for all 1 i  r. Clearly the Hodge slopes of (M,ϕπ,e) are e1, e2, . . . , er .
Deﬁnition 5.5. An F -crystal (M,ϕ) is called permutational (resp. cyclic) if there is a non-trivial per-
mutation (resp. cycle) π such that (M,ϕ) is isomorphic to (M,ϕπ,e) where e := {e1  e2  · · · er}
are the Hodge slopes of (M,ϕ).
Remark 5.6.
1. If (M,ϕ) is permutational, then (M,ϕ) is quasi-special. See [14, Lemma 4.2.4(a)] for a proof of
the same result for p-divisible groups.
2. If (M,ϕ) is cyclic of rank r, then ϕr(M) = psM where s is the sum of all Hodge slopes. Hence
(M,ϕ) is isoclinic with unique Newton slope equal to s/r.
We turn our attention to the isomorphism number of permutational F -crystals. By Propositions 2.4
and 2.5, given an explicit formula of ϕ in terms of a permutation, it is not hard to compute nM of
a permutational F -crystal. In the next proposition, we study the maximal possible value of nM if we
only know the Hodge slopes of (M,ϕ) without knowing an explicit formula of ϕ .
Lemma 5.7. Let e1  e2  · · · er be integers. Fix j ∈ {1,2, . . . , r/2}. For any s1, s2, . . . , s j, t1, t2, . . . , t j ∈
{1,2, . . . , r} such that
(a) s1, s2, . . . , s j are distinct and t1, t2, . . . , t j are distinct;
(b) et1  et2  · · · et j and es j  esi−1  · · · es1 ;
(c) α := et1 + et2 + · · · + et j  es1 + es2 + · · · + es j =: β;
we have β − α ∑ ji=1(er−i+1 − ei).
Proof. As et1  α  β  es1 , we can deﬁne l ∈ {1,2, . . . , j} to be the largest number such that etl  esl .
Therefore, we have
et1  et2  · · · etl  esl  · · · es2  es1 .
It is easy to see that esi − eti  er−i+1 − ei for all 1 i  l. If l < j, we have esi − eti < 0 er−i+1 − ei
for all l < i  j. To conclude the proof, we just have to sum up the inequalities esi − eti  er−i+1 − ei
for all 1 i  j. 
Proposition 5.8. Let (M,ϕ) be a permutational F -crystal with Hodge slopes e = {e1  e2  · · · er}. Then
the following inequality holds
nM 
r/2∑
(er−i+1 − ei). (14)
i=1
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a permutational F -crystal such that (14) is an equality.
Proof. We ﬁrst prove the inequality for cyclic F -crystals. Let π be a cycle such that (M,ϕ) ∼=
(M,ϕπ,e). Since every cyclic F -crystal is an isoclinic quasi-special F -crystal by the second part of
Remark 5.6, the isomorphism number nM of (M,ϕ) is max{δM( j) | j = 1,2, . . . , r} by Lemma 5.2. For
each j ∈ {1,2, . . . , r}, the Hodge slopes of (M,ϕ j) are
j−1∑
i=0
eπ i(1),
j−1∑
i=0
eπ i(2), . . . ,
j−1∑
i=0
eπ i(r).
Then δM( j) is the difference between the maximum number, that is βM( j), and the minimum number,
that is αM( j), from the above list. For each j ∈ {1,2, . . . , r}, we claim that δM( j) = δM(r − j). Indeed,
this can be easily checked by observing that the Hodge slopes of (M,ϕr− j) are
s −
j−1∑
i=0
eπ i(1), s −
j−1∑
i=0
eπ i(2), . . . , s −
j−1∑
i=0
eπ i(r),
with s =∑ri=1 ei . Therefore nM = max{δM( j) | j = 1,2, . . . , r/2}.
Applying Lemma 5.7 to β = βM( j) and α = αM( j), we have for all j ∈ {1,2, . . . , r/2},
δM( j)
r/2∑
i=1
(er−i+1 − ei).
This proves the proposition for cyclic F -crystals. Let π = (1,2, . . . , r), so nM = δM(r/2) =∑r/2
i=1 (er−i+1 − ei). This shows that the inequality (14) can be an equality for any choice of Hodge
slopes in the cyclic F -crystal case.
If (M,ϕ) ∼= (M,ϕπ,e) is a permutational F -crystal for some non-trivial permutation π , then (M,ϕ)
is a ﬁnite direct sum of (possibly) two or more cyclic F -crystals, say (M,ϕ) ∼=⊕i∈I (Mi,ϕi). As π is
non-trivial, we know that nMi  1 for some i.
Applying the (proved) conclusion of Proposition 5.8 to the cyclic F -crystals (Mi,ϕi), we deduce
that
nMi 
ri/2∑
l=1
(
e(i)ri−l+1 − e
(i)
l
)
where e(i)1  e
(i)
2  · · ·  e(i)ri are the Hodge slopes of (Mi,ϕi) and ri are the rank of Mi for all i ∈ I .
Applying Lemma 5.7 to β =∑ri/2l=1 e(i)ri−l+1 and α =∑ri/2l=1 e(i)l , we have
nMi  β − α 
ri/2∑
l=1
(er−l+1 − el)
r/2∑
l=1
(er−l+1 − el).
Proposition 2.7 implies that nM  max{1,nMi ,nMi + nM j − 1 | i, j ∈ I, i = j}, so to prove Proposi-
tion 5.8 in general, it suﬃces to show that
nMi + nM j − 1<
r/2∑
(er−l+1 − el). (15)
l=1
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nMi + nM j − 1<
( ri/2∑
l=1
e(i)ri−l+1 +
r j/2∑
l=1
e( j)r j−l+1
)
−
( ri/2∑
l=1
e(i)l +
r j/2∑
l=1
e( j)l
)
. (16)
By Lemma 5.7, letting
β =
ri/2∑
l=1
e(i)ri−l+1 +
r j/2∑
l=1
e( j)r j−l+1 and α =
ri/2∑
l=1
e(i)l +
r j/2∑
l=1
e( j)l ,
we have
β − α 
ri/2+r j/2∑
l=1
(esl − etl )
r/2∑
l=1
(er−l+1 − el). (17)
The last inequality is true because ri/2 + r j/2 r/2. Now (15) is clear by (16) and (17), which
completes the proof of Proposition 5.8. 
Remark 5.9. If (M,ϕ) is a direct sum of two or more cyclic F -crystals, then nM <
∑r/2
l=1 (er−l+1 − el).
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